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Abstract—FastICA is one of the most popular algorithms for
independent component analysis (ICA), demixing a set of statis-
tically independent sources that have been mixed linearly. A key
question is how accurate the method is for finite data samples.
We propose an improved version of the FastICA algorithm which
is asymptotically efficient, i.e., its accuracy given by the residual
error variance attains the Cramér–Rao lower bound (CRB). The
error is thus as small as possible. This result is rigorously proven
under the assumption that the probability distribution of the in-
dependent signal components belongs to the class of generalized
Gaussian (GG) distributions with parameter , denoted GG( )
for 2. We name the algorithm efficient FastICA (EFICA).
Computational complexity of a Matlab implementation of the al-
gorithm is shown to be only slightly (about three times) higher than
that of the standard symmetric FastICA. Simulations corroborate
these claims and show superior performance of the algorithm com-
pared with algorithm JADE of Cardoso and Souloumiac and non-
parametric ICA of Boscolo et al. on separating sources with dis-
tribution GG( ) with arbitrary , as well as on sources with bi-
modal distribution, and a good performance in separating linearly
mixed speech signals.

Index Terms—Algorithm FastICA, blind deconvolution, blind
source separation, Cramér–Rao lower bound (CRB), independent
component analysis (ICA).

I. INTRODUCTION

RECENTLY, blind techniques such as blind source sepa-
ration have become popular in the signal processing and

machine learning community. One of the central tools for this
problem is independent component analysis (ICA) [2], [3]. In
this technique, a set of original source signals are retrieved from
their mixtures based on the assumption of their mutual statistical
independence. The simplest case for ICA is the instantaneous
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linear noiseless mixing model. In this case, the mixing process
can be expressed as

(1)

where is an data matrix. The rows of are the observed
mixed signals, thus is the number of mixed signals and is
their length or the number of samples in each signal. Similarly,
the unknown matrix includes samples of the original
source signals. is an unknown regular mixing matrix.
The mixing matrix is assumed to be square, for simplicity. In
the noiseless scenario, this is not a restriction, because if more
mixtures than sources are available, they would not improve the
signal recovering.

The additive noise is not considered in this paper. Additional
experiments that exceed the scope of the paper show, however,
that the proposed here algorithm efficient FastICA (EFICA) out-
performs classical FastICA and other algorithms in the noisy
scenario, also [28].

A basic assumption in ICA is that the elements of , denoted
, are mutually independent i.i.d. random variables with prob-

ability density functions (pdf’s) . The row
variables for all , having the same density, are
thus an independent identically distributed (i.i.d.) sample of one
of the independent sources denoted by . The key assumptions
for the identifiability [1] of the model (1), or solving both and

up to some simple ambiguities, are that all but at most one of
the densities are non-Gaussian, and the unknown matrix

has full rank. In the following, let denote the demixing
matrix .

The basic ICA problem and its extensions and applications
have been studied widely and many algorithms have been de-
veloped. One of the main differences is how the unknown den-
sity functions of the original signals are estimated or re-
placed by suitable nonlinearities in the ICA contrast functions.
Non-Gaussianity is the key property. For instance, JADE [5] is
based on the estimation of kurtosis via cumulants, NPICA [11]
uses a nonparametric model of the density functions, and RAD-
ICAL [12] uses an approximation of the entropy of the densi-
ties based on order statistics. The FastICA algorithm uses either
kurtosis [6] or other measures of non-Gaussianity in entropy ap-
proximations in the form of suitable nonlinear functions
[7].
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In spite of the success of ICA in solving even large-scale real
world problems, some theoretical questions remain partly open.
One of the most central questions is the theoretical accuracy of
the developed algorithms. Mostly, the methods are compared
through empirical studies, which may demonstrate the efficacy
in various situations. However, the general validity cannot be
proven like this. A natural question is, whether it is possible
to reach a CRB for separation performance, which is widely
accepted as a measure of efficiency of estimators.

Many of the algorithms can be shown to converge in theory
to the correct solution giving the original sources, under the as-
sumption that the sample size is infinite. This is unrealistic.
For finite data sets, like in the model (1), what typically happens
is that the sources are not completely unmixed but some traces
of the other sources remain in them. This means that the ob-
tained demixing matrix is not exactly the inverse of , and
the matrix of estimated sources is only
approximately equal to . A natural measure of error is the de-
viation of matrix from the unit matrix, i.e., the variances
of its elements.

We published recently an asymptotic performance analysis of
the FastICA algorithm in [8], deriving the exact expression for
this error variance. Furthermore, it is compared with the CRB
for ICA [4], [9], [17], [19]–[21], [26], [27] and showed that the
accuracy of FastICA is very close, but not equal to, the CRB.
The condition for this is that the nonlinearity in the Fas-
tICA contrast function is the integral of the score function
of the original signals, or the negative log density

(2)

The purpose of this paper is to use this analysis to generalize
the FastICA algorithm to an improved version so that it becomes
asymptotically Fisher-efficient, i.e., that the residual error vari-
ance becomes equal to the CRB. When the asymptotic perfor-
mance achieves the CRB, we have reached the absolute accu-
racy that cannot be improved. We call this new variant EFICA.

As far as the authors know, there have been few efforts in
developing concrete ICA algorithms based on the concept of
asymptotic efficiency. A notable approach in this direction is
the method of estimating functions [23], [24], matrix valued
functions such that their root is an estimator
for the true demixing matrix . Amari and Cardoso [24] de-
rived an optimal class of estimating functions whose roots
are Fisher-efficient. The theory is general and can be applied to
stochastic approximation-type learning algorithms.

Another related paper is [21], which studies asymptotic
performance of so-called quasi-maximum likelihood estimate
(quasi-MLE). In this method, the true pdf of sources is replaced
by an ad-hoc model density. If the model density coincides
with the true density, an asymptotically efficient estimate would
be obtained.

The contents of this paper are as follows. In Section II, the
results of our previous work are briefly summarized. In Sec-
tion III, the improved algorithm is derived and its properties
are described. In order to demonstrate the efficiency in practice,
Section IV presents computer simulations. The simulations con-

firm the excellent performance of the EFICA algorithm and also
show that the computational complexity (measured on a Matlab
implementation) is only about three times that of standard Fas-
tICA, which is one of the fastest ICA algorithms. Finally, in
Section V conclusions are given.

II. RECENT RESULTS

A. The Original FastICA Algorithm

The algorithm FastICA was introduced in [6] and [7] in two
versions: A one-unit approach and a symmetric one. The first
preprocessing step, which is common for both versions and for
many other ICA algorithms, consists of removing the sample
mean and decorrelating the data

(3)

where is the sample covariance matrix,
, and is the sample mean of the mixture data. Now,

matrix contains the whitened mixtures. The one-unit FastICA
algorithm is based on minimization/maximization of the crite-
rion . There, is the unitary vector of co-
efficients to be found that separates one of the independent com-
ponents from the mixture (one row of the separating matrix

). Function is a suitable nonlinearity, called contrast
function [1], applied elementwise to the row vector ; see
[2]. The symbol E stands for the sample mean over the elements
of the row vector. It is not known in advance which component
is being estimated: This mainly depends on the initialization.

To retrieve all the original components, different rows of
are estimated under the orthogonality condition, i.e.

where is the identity matrix. In the one-unit
deflation method, the independent components are found one
by one, and the weight vector is always constrained to be
orthogonal to the previously found ones. In the symmetric
FastICA, the condition is ensured via a symmetric orthogonal-
ization after parallel one-unit iterations

(4)

(5)

There, and denote the first and the second derivatives
of , respectively, applied elementwise, and stands for
an vector of 1’s.

The FastICA algorithm is computationally light, robust, and
converges very fast. It is available in public-domain software
[13]. Recently, it was proposed to complete the symmetric Fas-
tICA by a test of saddle points that eliminates convergence to
side minima of the cost function, which may occur for some
nonlinearities [8].

An essential question is the residual error of the algorithm,
due to a finite sample of the mixture signals. Let be the esti-
mate of the demixing matrix obtained with the Fas-
tICA algorithm. The separation quality is analyzed by means of
the so called gain matrix . Theoretically, is the unit
matrix, but for finite sample sizes there is residual error. The el-
ements of characterize the relative remaining presence of the
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Fig. 1. Flow of the proposed algorithm EFICA.

th original signal component in the estimated th component,
. In the following, their asymptotic variance is

compared to the theoretically optimal one.

B. Analysis of FastICA and the CRB

Let and , respectively, be the gain matrix ob-
tained by the one-unit and the symmetric variant of FastICA
using a nonlinear function . The main result shown in [8]
was the following: Assume that the original signals in the
mixture have zero mean and unit variance, that is sufficiently
smooth, and the following expectations exist:

(6)

(7)

(8)

Then, the normalized gain matrix elements and
have asymptotically Gaussian distributions

and , with variances

(9)

(10)

where

(11)

(12)

The variances in (9) and (10) are minimized if the function
equals the score function

(13)

of the corresponding source distribution . The minimum
variance can be shown to be close, but not to coincide with the
CRB derived in [10]. It was shown that the CRB is

(14)

where .

III. EFFICIENT FASTICA: EFICA

The proposed efficient version of FastICA is based on the fol-
lowing observations: i) The symmetric FastICA algorithm can
be run with different nonlinearity for different sources; ii) in
the symmetrization step of each iteration, it is possible to intro-
duce auxiliary constants, that can be tuned to minimize mean
square estimation error in one (say th) row of the estimated
demixing matrix. These estimations can be performed in par-
allel for all rows—to obtain an estimate of the whole demixing
matrix, that achieves the corresponding CRB, if the nonlinear-
ities correspond to score functions of the sources; and iii) the
algorithm remains to be asymptotically efficient (attaining the
CRB) if the theoretically optimum auxiliary constants in the al-
gorithm are replaced by their consistent estimates.

The proposed algorithm EFICA models all independent sig-
nals as they have a generalized Gaussian (GG) distribution with
appropriate parameters ’s. The algorithm is summarized in
Fig. 1. Note that the output is not constrained, unlike symmetric
FastICA, in the sense that the separated components need not
have exactly zero sample correlations.

In order to explain the proposed algorithm in more details, the
notion of “generalized symmetric FastICA” is introduced, and
its efficiency is studied in Section III-A. The algorithm EFICA
will be presented in detail in Section III-B.

A. Generalizing the Symmetric FastICA to Attain the CRB

Consider now a version of the symmetric version of FastICA
where two changes have been made.

First, as it is not possible to attain the CRB if only one
nonlinearity is used, different nonlinear functions ,

will be used for estimation of each row of .
Denote
where again each function is applied elementwise. The
function is defined likewise. Eventually, the functions

should be the score functions of the sources .
Second, the first step (4) of the iteration will be followed by

multiplying each row of with a suitable positive number
before the symmetric orthogonalization (5). This

will change the length (norm) of each row, which will affect the
orientations of the rows after orthonormalization.

One iteration of the new generalized symmetric FastICA al-
gorithm, with the new definition of , can then be written in
three steps

(15)

(16)

(17)
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This algorithm can be analyzed in the same way as the plain
symmetric FastICA in [8] using a simple substitution

. The result is that the nondiagonal normalized gain ma-
trix elements for this method have asymptotically
Gaussian distribution , where

(18)

Note that the different choice of nonlinearity for each row of
also changes the definitions (6)–(8) for , , and in

the sense that in those definitions must be replaced by . The
definitions for and in (11) and (12) remain the same but
now they also depend on their own nonlinearity .

The key thing here is that, since are arbitrary pos-
itive numbers, the criterion (18) characterizing the asymptotic
error variance of the algorithm can be optimized in terms of
these free parameters.

The properties of (18) are as follows.
• The variance is invariant with respect to multiplying all

parameters by the same factor. Therefore, for a fixed ,
let be chosen, without any loss of generality, as .
Let us change the notation so that instead of , we use
to denote the other parameters in the case that .

• Minimization of (18) with respect to , , can
be performed analytically in a straightforward way, and it
gives

(19)

• Combining (18) and (19), the optimum value of the crite-
rion is

(20)

However, note that the optimum choice (19) can be done
for a fixed only, thus, the method implemented via
(15)–(17) attains the minimized (20) for the se-
lected only, not for all , simultaneously. Moreover,
optimization of separately for each alleviates the
orthogonal constraint, and thus, delimits performance of
the algorithm [18].

• In the special case that , i.e., the th nonlinearity
equals the score function of the th signal for each

, it is easy to show that , ,
and . Then, (20) simplifies to

(21)

This means that in this special case the estimator attains
the CRB for .

In practice, the true score functions are rarely known in advance,
and the generalized symmetric FastICA has only a theoretical
meaning. It can be proved, however, that the asymptotic effi-
ciency of the algorithm is maintained if the score functions and
the optimum coefficients are replaced by their consistent
estimates.

For the consistent estimation, it is necessary to have a con-
sistent initial estimate of the mixing or demixing matrix. The
ordinary symmetric FastICA is one possible choice. Second,
one needs a consistent estimate of the score functions computed
from the sample distribution functions of the components. This
is a widely studied task, and numerous approaches have been
developed either parametric [21] or nonparametric [11], [12],
[22]. Note, however, that not every score function can serve a
suitable nonlinearity for use in FastICA iteration. Suitable non-
linearity must be continuous and differentiable.

B. Proposed Algorithm

In this section, an algorithm, called for brevity EFICA is pro-
posed, which combines the idea of the generalized symmetric
FastICA with an adaptive choice of the function , which is
based on modelling of the distribution of the independent com-
ponent by GG distribution [15].

The algorithm consists of three steps

1) running the original symmetric FastICA until convergence
using a standard nonlinearity such as ;

2) adaptive choice of different nonlinearities to estimate
the score functions of the found sources, based on the
outcome of step 1);

3) a refinement or fine-tuning for each of the found source
components by one-unit FastICA, using the nonlinearities
found in step 2), and another fine-tuning using the optimal

parameters as in (16) and (17).

For easy reference, the outline of the algorithm is summarized
in Fig. 1. The three steps are now introduced in detail.

Step 1): Running the Symmetric FastICA Until Convergence:
The purpose of Step 1) is to quickly and reliably get prelimi-
nary estimates of the original signals. In this step, therefore, the
optional nonlinearity in the original symmetric FastICA

is used due to its universality, but other possibilities
seem to give promising results as well, e.g., .
Also, the test for saddle points as introduced in [8] is performed
to get reliable source estimates.

Step 2): Adaptive Choice of the Nonlinearities: Assume that
is the th estimated independent signal obtained in Step 1).

In many real situations, the distributions of the signals are
unimodal and symmetric. In this paper, we focus on a parametric
choice of that works well for the class of GG distributions
with parameter , denoted . This class covers a wide
variety of typical distributions including standard Gaussian and
Laplacean distributions for and , respectively, a
uniform distribution in the limit as , and heavy-tailed
distributions for (see Appendix B for the definition).

The score function of the distribution is proportional
to1

(22)

A problem with the score function of the distribution
is that it is not continuous for and thus it is not a valid

1It can be easily shown that a nonzero scalar multiplicative factor is irrelevant
for usage in the FastICA.



KOLDOVSKÝ et al.: EFFICIENT VARIANT OF ALGORITHM FASTICA FOR INDEPENDENT COMPONENT ANALYSIS ATTAINING THE CRB 1269

nonlinearity for FastICA. For these ’s, the statistical efficiency
cannot be achieved by the algorithm using this score function.

Let us look separately at the sub-Gaussian and super-
Gaussian cases.

Sub-Gaussian Case: We propose to use the function
for sub-Gaussian signals, i.e., for . In

this case, the parameter can be well estimated by fitting the
theoretical fourth-order moment of the distribution

(23)

with the sample fourth-order moment of the th signal

(24)

There, denotes the elementwise fourth-order power. In
(23), is the Gamma function. The sample fourth moment indi-
cates well the sub-Gaussianity or super-Gaussianity

of the signal and can be used to drive the choice of
the nonlinearity .

In Appendix A, an asymptotic inversion of (23) at point
is performed, giving an estimation

(25)

with and . This is valid for
. If or , max-

imum power 14 in function is used to maintain the stability
of the algorithm.

Super-Gaussian Case: If the sources have the distribution
with , the score function (22) appears not to be

so useful as the nonlinearity in FastICA. Instead, we suggest to
study an ad-hoc choice

(26)

where is a free parameter. The intention is to find an optimum
choice of , which would minimize the asymptotic variance in
(20). It can be shown (see Appendix C) that for and
going to infinity, the variances and converge to zero.
This is in accord with the fact that the CRB in (21) is equal to
zero for these ’s, because (see Appendix B) [15].

The aforementioned result suggests, that if , the pa-
rameter in (26) should be as large as possible. In practice, how-
ever, this approach often fails because of poor convergence of
the algorithm to the desired solution for large .

An accurate estimation of parameter appears to be difficult,
if . Fortunately, it is not so important, as it is also shown
in Appendix C, and, hence, we suggest to apply one universal
choice of the nonlinearity, that is

(27)

where . With this choice, the parameter does not
need to be estimated at all. For easy reference, let us call the
nonlinearity in (27) “exp1.”

Fig. 2. Theoretically achievable signal-to-interference ratio (SIR)
�10 log V for the optimum generalized symmetric FastICA with
nonlinearity “exp1” and “gauss” for separation of two sources with the same
GG(�) distribution, and the CRB, as a function of �.

In Fig. 2, it is shown that quality of separation achievable by
this nonlinearity is close to the corresponding CRB for all ’s
in the interval [1,2). The difference in terms of SIR is at most 1
dB, if is not too close to 2. For , the performance is
no more close to the CRB, which is infinite for , but
at least it outperforms the performance of the classical" nonlin-
earity “gauss” with , which was thought
to be best for separation of long-tailed signals. The improvement
achieved by “exp1” is about 4 dB when and about 8 dB
when . (We note, however, that “gauss” slightly outper-
forms “exp1” for .)

Summary of the Nonlinearity for EFICA: In summary, the
nonlinearity of our choice is

for

for
for

(28)
where is the estimated fourth-order moment of the th
source signal, given in (24), and is given in (25).

Note that in the vicinity of , corresponding to a
Gaussian signal, there is a sudden change in nonlinearity, but it
does not have any adverse consequences. A signal with nearly
Gaussian distribution itself is badly estimable and can be esti-
mated thanks to the other (non-Gaussian) signals only. Thus, the
effect of selection of the nonlinearity is negligible.

Step 3): The Refinement: The refinement of the initial esti-
mate proceeds in two steps.

The first step, denoted R1, is a more sophisticated implemen-
tation of the relation (15). Theoretically, it would suffice to per-
form (15) once, starting from the initial estimate of . How-
ever, better results are obtained if it is performed separately for
each as series of one unit FastICA iterations, until a conver-
gence is achieved. In the last iteration, however, the normaliza-
tion step is skipped.

This method works well, if the preliminary estimates of the
original signals from the first step (symmetric FastICA) of
the proposed method lie in the right domain of attraction. It
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might happen, however, that some of the components are dif-
ficult to separate from some other components, and the one-unit
iterations converge to a wrong component. This pathological
case can be excluded by checking the condition whether the
angle between the component separated by the initial solution
and the one unit solution is not too big. If it happens, then the
one unit solution should be replaced by the initial estimate.

The Step R1) can be summarized as follows.
Step R1): Let and

, respectively, be the result
of (4) and (5) from the last iteration of symmetric FastICA.
Assume that Step 2) has been performed, i.e., for each

, has been computed according to (24) with
, and the optimal nonlinearity has been chosen

via (28).
For each , initialize

(29)

and under a condition that iterate the one-
unit FastICA

(30)

(31)

until convergence is achieved. If , i.e., the
new estimate differs too much from , keep the old
(not normalized) result and put back

.
Now, let be the result after conver-

gence of the one-unit algorithms. The second refinement step
can be summarized as follows.

Step R2): For each , compute

(32)

For each , compute

for

for

Next, for each , compute

(33)

(34)

(35)

The resulting th component estimate is and
the resulting refined demixing matrix is

This completes the EFICA algorithm.2

IV. SIMULATIONS

In this section, we provide an experimental comparison of the
proposed algorithm with other well-known methods for ICA.
For this purpose, we choose the original version of the sym-
metric FastICA [6] with nonlinearity “tanh,” JADE [5], and the
nonparametric algorithm ICA (NPICA) [11], generally believed
to give very good results in a variety of separation tasks.

In order to measure the asymptotic errors of the algorithms,
we use the achieved SIR of the th signal

(36)

where is the acquired gain matrix of the corresponding algo-
rithm. In case of the proposed algorithm, it can be estimated as

(37)

using (32) and (20).
There occur some random convergence failures in the original

FastICA and NPICA, which in our method are fixed by the test
of saddle points. To eliminate their effect in the comparisons,
both mean and median SIRs from each experiment are shown.

A. Experiments With Distributions

Three simulation experiments with artificial data were carried
out to demonstrate the efficiency of the proposed algorithm and
its superiority above other methods when all the original signals
have GG distributions.

Example 1: One Gaussian signal, ten Laplacean, and ten sig-
nals with GG distribution with the same parameter
and the length were generated in 100 independent
trials for each . In each trial, the 21 signals were mixed with
a randomly generated matrix, and separated by the proposed
method and the aforementioned algorithms. Averaged results
over the 100 trials were computed for each .

In Fig. 3(a), the three diagrams show the dependence of av-
eraged SIRs on of the Gaussian signal, of the first Laplacean,
and of the first signal with GG distribution. For the proposed
EFICA method, both the theoretical SIRs computed via (37) and
the empirical ones are presented. Note that the length
is quite small for separating 21 signals, which also causes over-
estimation of the attained SIR via (37) since it estimates the
asymptotic variance only.

2The Matlab code for the algorithm EFICA is made available on the Internet
[14].
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Fig. 3. Mean and median SIR of the signal components in Example 1.

The results can be compared with those in Fig. 3(b) where
median SIRs from the same experiment are presented. The the-
oretical SIRs and the CRB are not included there, since they are
derived only for mean SIR.

As can be seen from Fig. 3(a), the empirical and theoret-
ical SIR (corresponding to the CRB) of the EFICA are in good
agreement. The empirical SIR is considerably higher than for
the comparison methods.

Note that in the vicinity of there are 11 signals with
nearly Gaussian distributions. The CRB on the variance is high
(it goes to infinity for ). In this case, it may happen that the
empirical SIR exceeds the corresponding CRB, as we can see in
the upper diagram in Fig. 3(a). It happens probably because the
estimator is not unbiased here. The mean square error (MSE) of
biased estimators can be lower than the CRB.

Example 2: 13 signals of GG distribution, each with a dif-
ferent value of the parameter , respectively, equal to 0.1, 0.3,
0.5, 0.8, 1, 1.5, 1.9, 2, 2.1, 2.5, 4, 8, and 10, were mixed with
a random mixing matrix and demixed. The experiment was re-
peated 100 times with fixed length of data . The re-
sults are plotted in Fig. 4. Here, each value of in the plot cor-
respond to the result for a different original signal. The same
conclusions hold as in Example 1.

Example 3: To demonstrate the performance of the method
for different lengths of data, three signals with Gaussian,
Laplacean, and uniform distribution were mixed with a random
mixing matrix and demixed. The average and median SIRs
from 100 independent trials for each length of data are plotted
in Fig. 5. Again, EFICA outperforms the other methods.

Example 4: Separation of noisy binary phase shift keying
(BPSK) signals.

In this example, we consider 10 BPSK signals distorted by
Gaussian noise, i.e., i.i.d. data distributed as ,
where is a Bernoulli random variable equal to 1 or 1 with
equal probabilities, and is a standard Gaussian variable. Now,
the probability density of each signal is (see examples of the
densities for different in Fig. 6)

(38)

Data sequences of length were generated in 100
independent trials, mixed with a random mixing matrix, and
separated. In order to compute the CRB from (14), was nu-
merically estimated via a Monte Carlo method. SIR of the first
estimated signal as a function of is shown in Fig. 7.

The results of the experiment need further comments. First,
for small ’s the theoretical SIR underestimates the empirical
SIR. The reason is that the former SIR is computed from not
ideally separated signal components while its true value ap-
proaches infinity. We have used the estimated signal compo-
nents to mimic the real situation, when the original signals are
not available to predict the estimation accuracy. Performance of
the symmetric FastICA and of JADE is limited by the orthogo-
nality constraint, which requires that the separated signals must
have mutual correlation exactly zero [17]. The NPICA would
perform well in separating two or three signals, as it is tailored
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Fig. 4. Quality of separation of 13 GG(�) components with �, respectively, equal to 0.1, 0.3, 0.5, 0.8, 1, 1.5, 1.9, 2, 2.1, 2.5, 4, 8, and 10. (a) Mean SIR. (b)
Median SIR.

TABLE I
MEAN AND MEDIAN SIR OF SEPARATED SPEECH SIGNALS

to separating signals with multimodal distributions. However, in
our example with ten components it fails, even in median, prob-
ably because of some implementation or numerical problems.

Example 5: Speech signals separation.
To show the performance of the algorithm on real data, al-

though with artificial mixtures, ten speech signals of length
were randomly selected from a database of isolated words3

containing about 200 samples. After centering and normaliza-
tion, the data were mixed with a random matrix, and conse-
quently separated. Mean and median SIR computed from es-
timated gain matrices obtained in 1000 independent
trials are summarized in Table I. The proposed EFICA method
gives better results than FastICA and JADE. It is outperformed
by the algorithm NPICA (in median SIR), though, but note that
this is at the expense of much higher computational cost, as
shown in Section IV-B.

B. Complexity of the Algorithm

In order to demonstrate the computational complexity, a sim-
ilar experiment to that in [11] was done. The average CPU time4

3http://www.noel.feld.cvut.cz/vyu/dzr/cislovky/OBRACENE_BYTY/
4The experiment was performed in Matlab on a Pentium IV 2.4-GHz PC with

512-MB of RAM.

required by the compared methods is shown in Fig. 8(a) for a
varying length of data when six GG signals with a random pa-
rameter were separated. The results for a fixed
length of data and a variable number of signals are
in Fig. 8(b).

The complexity of the algorithm is only slightly higher than
that of the original symmetric FastICA. The test of saddle points
has complexity ; the adaptive choice of nonlinearity
[Step R1)] has complexity . Note that the latter two steps
have a fixed number of operations, provided that the test of
saddle points is negative. Otherwise, only a few additional it-
erations are needed since the algorithm is initialized almost in
the correct solution.

Similarly, only a few additional one-unit iterations in the re-
finement Step R1) are needed.

V. CONCLUSION

An improved version of the FastICA algorithm was proposed,
based on the concept of statistical efficiency. This means that the
asymptotic variance of the gain matrix, defined as the product
of the estimated unmixing matrix and the original mixing ma-
trix, attains the CRB which is the theoretical minimum for the
variance. The algorithm was named EFICA.

Two changes have to be made in the standard symmetrical
FastICA. First, the nonlinearities must be approximations of the
score functions of the true sources. This is achieved by running
FastICA in two passes, using the separation results from the
first pass to estimate a parametric model of the source densities.
Second, a set of extra parameters are added to the algorithm
in the form of multiplying the lengths of the weight vectors by
some numbers before orthogonalization. By optimizing these
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Fig. 5. Mean and median SIRs obtained in separating three signal components with varying length.

Fig. 6. Probability density (38) for " = 0:1,0.2,0.6, and 0.8, respectively.
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Fig. 7. Separation of noisy BPSK signals.

Fig. 8. CPU time needed to separate (a) six signals of a various length, and (b) various number of signals of a fixed length N = 1000.

numbers, this allows to adjust the asymptotic variance so that it
becomes equal to the CRB.

The asymptotic efficiency of EFICA was rigorously proven
under the assumption that the source signals follow a GG density
with parameter . In simulations with source signals drawn
from this density, the agreement between the theoretical and
experimental results was proven. Also, in comparisons to some
other ICA algorithms, the EFICA algorithm is superior in this
case as predicted by the theory.

It is possible that EFICA will not be optimal (nearly efficient)
if the source distributions and their score functions cannot be
well modeled by the class of GG distributions—like in Example

4. In that case, the results can be improved by including another
method of modeling of the score functions.

APPENDIX A

Consider . The following second-order asymp-
totic expansion of (23) was derived for in Maple

(39)
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Fig. 9. Comparison of the inversion of (23) with the approximation (41).

where , , and is a
Riemann function obeying . To invert the afore-
mentioned relation, first, substitute . Then, we can
write

(40)

Using the definition (39) of gives

(41)

See the comparison of inversion of (23) with the derived relation
in Fig. 9.

APPENDIX B

GG Distribution Family: The GG density function with pa-
rameter , zero mean and variance one, is defined as

(42)

where is a positive parameter that controls the distribu-
tion’s exponential rate of decay, and is the Gamma func-
tion, and .

The th absolute moment for the distribution is

(43)

The score function of the distribution is

(44)

Then, simple computations give

(45)
Note that for , for (the
distribution is standard Gaussian), and for

.

APPENDIX C

In this Appendix, an asymptotic variance (20) of FastICA
with nonlinearity (26) is studied under the assumption that the
probability distribution of the independent sources is
with parameter . Note that (20) can be written in a form

(46)

where is given by (9). Since is independent of the
choice of (it is a function of ), the nonlinearity which
minimizes for fixed simultaneously minimizes .

Let be the asymptotic variance computed for pa-
rameter and the parameter of the GG distribution . We will
show that for , an optimum that minimizes (9)
is . In particular

(47)

for .
Proof: To prove (47), it suffices to compute asymptotic

expansions for quantities in (6)–(8) for

(48)

In derivation of (48), the following Taylor series expansion was
used:

(49)
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Fig. 10. Optimum parameter � for separation of sources with distribution
GG(�) for � 2 (0:5; 2).

Fig. 11. Relative asymptotic variance V (�;�)=V (� ; �) for � =1, 2, 5,
and 10 for shown values of � as a function of parameter� of the GG distribution.

together with the definition of the Gamma function
. Similarly, we get

(50)

(51)

Then, after some algebra, we get

(52)

which proves (47).
For any fixed , can be shown to

have a global minimum at certain , which was
computed numerically and is plotted in Fig. 10. We can see that
the optimum grows very fast when approaches 1/2.

The variance cannot be minimized simultaneously for all
’s. However, the variance does not depend significantly on the

value of , as it can be seen from Fig. 11, which shows the ratio
for 1, 2, 5, and 10. As a reference,

we have chosen the value that is optimum for , that is
.
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