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1 Institute of Information Theory and Automation, Pod vodárenskou v̌ež́ı 4, PO Box 18, 182
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Abstract

The derivation of the Craḿer-Rao bound in the paper mentioned in the title contains errors,

which influence the matrix form of the CRB but not the relevant off-diagonal elements. In this

correspondence we correct this error.
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I. THE FISHER INFORMATION MATRIX FOR ICA

The referenced paper considers a standard linear ICA model of a givend×N data matrix

X = AS (1)

whereA is an unknown, nonsingulard× d mixing matrix. The joint pdf of the independent components

is assumed to befs(S) =
∏d

i=1

∏N
j=1 fi(sij), where sij is the (i, j)-th element ofS, i = 1, . . . , d,

j = 1, . . . , N , andfi is the pdf ofsij .

The data matrixX is obtained as a linear transformation ofS, X = W−1S, or equivalently, vec[X] =

(IN ⊗W−1)vec[S], whereW = A−1, IN denotes theN ×N identity matrix and⊗ is the Kronecker

product. Therefore the joint pdf of the data has the form

fx|θ(X|θ) = |detW|Nfs(WX) (2)

whereθ is the unknown to-be-estimated vector parameter,θ = vec[W]. The error in [1] begins with the

missing exponentN in the pdf expression above, cf. (32) in [1].

A straightforward computation similar to that in Appendix C in [1] follows that (34) in [1] should be

replaced with

Fmn =N

ajuavi + δiuajiavi(ηi − 2) + δiuκi

d∑
`=1,` 6=u

aj`av`

 . (3)

Recall for completeness thatFmn is themn-th element of thed2 × d2 Fisher information matrixFθ,

wherem = (i−1)d+j, n = (u−1)d+v, aij denotes theij-th element of the matrixA, κi
def= E[ψ2

i (sij)],

ηi
def= E[s2iψ

2
i (sij)], andψi

def= −f ′
i/fi. A comparison of (3) with (34) in [1] shows that the correct Fisher

information matrix element does not include any term proportional to(N − 1)2 but is proportional toN .

The derivation of (3) via Appendix C in [1] can be simplified by puttingN = 1 and multiplying

the resultant information matrix byN afterwards. The information matrix must be proportional toN ,

because the observed data are composed ofN independent observations of a random vector with the

same distribution.

The computation proceeds by proving the formula

Fθ = (AT ⊗ I)FI(A⊗ I) (4)

whereFI stands for the Fisher information matrix derived for a case whenA = I (identity matrix).

Note the error in the matrix transpositions in (35) in [1] and also in (37). The latter equation should read

FG = (WT ⊗ I)Fθ(W ⊗ I) = FI. A similar typo exists in [2].
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For the proof of (4), it was referred to equation (28) in [1], but it is not accurate. In fact, (4) was only

inspired by this formula.

Substitutingaij = δij into (3), it easily follows that themn-th element ofFI for m = (i − 1)d + j

andn = (u− 1)d+ v reads

(FI)mn =N
(
δjuδvi + δjiδvuδvi(ηi − κi − 2) + δiuδvjκi

)
. (5)

Again, there is no term proportional to(N − 1)2, unlike (36) in [1]. ThusFI can be written asFI =

N(P+Σ), whereP is a permutation matrix andΣ is a diagonal matrix such that themn-th element ofP

andΣ areδjuδvi, andδiuδvj [κi+δij(ηi−κi−2)], respectively, form = (i−1)d+j andn = (u−1)d+v.

To prove (4) rigorously, note that themn-th elements ofA⊗ I andAT ⊗ I for m = (i− 1)d+ j and

n = (u − 1)d + v are equal to(A ⊗ I)mn = aiuδjv and (AT ⊗ I)mn = auiδjv, respectively. Then, the

mn-th element of the product(AT ⊗ I)FI(A⊗ I) is

[(AT ⊗ I)FI(A⊗ I)]mn =
∑
n′,n′′

(AT ⊗ I)mn′(FI)n′n′′(A⊗ I)n′′n . (6)

A straightforward computation gives that the matrix element in (6) is identical to that in (3).

The Appendix D in [1] should be changed accordingly. Application of the matrix inversion lemma is

not needed and the rest of the Appendix and the final result in (38) are correct. Note that an alternative

elegant method of inversion of a matrix similar toFI was used in [2].

Finally, note that one of assumptions of the Cramér-Rao inequality is that the support of the pdf

fx|θ(X|θ) is independent of the estimated parameterθ. In the ICA scenario this assumption is equivalent

to the condition thatfi(x) > 0 for all i and finitex. In particular, the CRB is not defined for sources

with a bounded (limited) support.
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