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Cramér–Rao-Induced Bound for Blind Separation of
Stationary Parametric Gaussian Sources
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Abstract—The performance of blind source separation algo-
rithms is commonly measured by the output interference-to-signal
ratio (ISR). In this paper, we derive an asymptotic bound on the
attainable ISR for the case of Gaussian parametric auto-regressive
(AR), moving-average (MA), or auto-regressive moving-average
(ARMA) processes. Our bound is induced by the Cramér–Rao
bound on estimation of the mixing matrix. We point out the
relation to some previously obtained results, and provide a concise
expression with some associated important insights. Using simula-
tion, we demonstrate that the bound is attained asymptotically by
some asymptotically efficient algorithms.

Index Terms—Auto-regressive (AR), auto-regressive moving av-
erage (ARMA), blind source separation (BSS), Cramer–Rao
bound, independent component analysis (ICA), interfer-
ence-to-signal ratio (ISR), moving average (MA).

I. INTRODUCTION

THE classical problem of blind signal separation (BSS) con-
sists, in its square invertible form, of recovering unob-

served statistically independent signals from observed static
linear combinations (mixtures) thereof, without prior knowl-
edge of the mixing matrix. The assumed observation model is
of the form , , where
is the unknown mixing matrix, and , are the ob-
servations and sources, respectively. This paper addresses BSS
in cases where the sources are stationary parametric Gaussian
auto-regressive (AR), moving-average (MA), or auto-regressive
moving-average (ARMA) processes of known order. Consider-
able work has been done over the last decade on separation of
stationary sources with distinct spectra (e.g., [1]–[8]).

The Cramér–Rao lower bound (CRLB), which is the inverse
of the Fisher information matrix (FIM), bounds the perfor-
mance of any unbiased parametric estimator in terms of the
mean square estimation error (mse). In [7], Dégerine and Zaïdi
evaluated the CRLB for the estimation of the unmixing pa-
rameters (the elements of ), as well as the nuisance
parameters, for the case of Gaussian AR sources. It was shown
that asymptotically (in ) the FIM (and hence the bound) is
block-diagonal with separate blocks accounting for and for
the sources’ parameters. Expressions for each block, involving
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explicit dependence on the true mixing matrix and AR parame-
ters were provided.

However, a common measure of performance in BSS is the re-
sulting interference-to-signal ratio (ISR), usually of more prac-
tical interest than the mse in estimating or , as end-users
are often more interested in the overall separation quality. Also,
the ISR is indifferent to the inherent BSS scaling ambiguity.
Thus, in this paper we transform the mse bound for Gaussian
AR sources [7] into an ISR bound, expanded for AR, MA, and
ARMA sources. In so doing, we not only obtain more signifi-
cant yet simple expressions, but also unveil some key properties
of this ISR bound, which remained obscure in the expressions
for the mse bound in [7], as follows.

• As could be expected, the ISR bound does not depend on
the mixing matrix; This reaffirms that the equivariance
property, which is shared by many BSS algorithms (see,
e.g., [9] for discussion) but not by some others, is preserved
in the ISR bound.

• The ISR bound on the residual contamination of one source
by another depends only on mutual properties of these
two sources, and is independent of the properties of other
sources in the mixture.

• This bound bears a striking resemblance to a similar bound
obtained in [10] for the case of sources which are indepen-
dent, identically distributed (i.i.d.) in time.

In fact, some equivalent, or nearly-equivalent expressions that
share the above properties were obtained by Pham and Garat
in [2] and by Pham in [5]. In [2], equivalent expressions were
obtained by asymptotic analysis of the quasi maximum likeli-
hood (QML) approach. They were derived as a lower bound on
the performance of QML, obtained when the true (unknown)
spectral shapes of the sources are used. However, it is not ex-
plicitly shown in [2] that these expressions constitute the ISR
bounds induced by the CRLB, especially in view of the fact
that QML does not assume Gaussian sources. In [5], nearly
equivalent expressions (using smoothed, rather than true ver-
sions of the sources’ spectra) are also obtained by analysis of
the Gaussian mutual information (GMI) approach, but are not
shown (nor claimed) to be related to the CRLB.

However, neither of these included the simple form of the ISR
bounds derived in this paper, which bear explicit dependence on
the process parameters for AR, MA, and ARMA sources, as well
as associated interpretations.

A. Some Useful Identities

The operator concatenates the columns of an
matrix into an vector. For matrices, , , and

of compatible dimensions we have (see, e.g., [12])

(1)

(2)
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where denotes Kronecker’s product. We also define the
indexing transformation for matrices,

, translating the matrix-index to the vector-
index.

II. TRANSFORMING THE CRLB FROM MSE TO ISR

A common measure for the performance of BSS algorithms
based on an estimate of the unmixing matrix is the ISR ma-
trix, whose elements are defined as

(3)
where denotes the th source’s correlation function.

is essentially the relative mean square residual presence
of the th source in the estimated th source.

Any scaling ambiguity in the rows of is irrelevant to the
ISRs, since it merely implies different scaling in the rows of

, which cancels out in (3). We may therefore “pretend”,
for the simplicity of derivations, that the rows of (columns
of the implied ) are scaled “correctly”, although they may,
in fact, be arbitrarily scaled. In addition, we may employ a
“small errors” assumption, in accordance with the asymptotic
decrease of the bound, so we assume , where is
a errors-matrix of elements much smaller than 1, and

is the identity matrix. Thus, can be approximated by
. Note, however, that are

merely linear combinations of elements of : using (1)

(4)

where denotes the th element of the bracketed vector.
Therefore, assuming unbiased estimation of , can be
readily extracted from the covariance of . Moreover,
attaining minimum mse in the estimation of would imply
minimum ISR, therefore a bound for the ISR can be similarly
extracted from the CRLB on the mse in estimating . More
specifically, denoting by the matrix CRLB for
the estimation of all elements of , we have

(5)
We now wish to substitute in (5) with an explicit expres-
sion. We first consider the case of AR sources.

III. CRLB FOR GAUSSIAN AR SOURCES

In order to obtain the bound we first identify the
vector of unknown parameters . Each of the inde-
pendent sources is modeled as a (different) stationary AR
Gaussian process of respective (known) order . That is

for ,
where are temporally and spatially independent Gaussian
“driving noises” with variances , and denote the (un-
known) th AR coefficient of source number . Defining the
vectors for , the
vector of unknown parameters is then comprised of the
elements of (the parameters of interest), as well as of all
(nuisance) AR parameters, .

Due to the scaling indeterminacy we can assume all to be
known, thereby excluding them from , as they merely imply
immaterial scaling. Nevertheless, their values affect the CRLB
for estimation of , but, as expected, they will be shown to
have no effect on the ISR bound.

We now need to find the FIM, defined as
, where

denotes the likelihood function, with denoting
the probability density function of the observation vectors.
Considering the structure of , it was proven in [7] that the FIM
is asymptotically (in ) a block diagonal matrix. That is, the
covariance of any unbiased estimate is asymptotically
bounded by the -block of the matrix .
Further, knowledge of the AR parameters cannot decrease
(asymptotically) the lower bound for the estimation of .

The expression for the -block as derived in [7]1 is as fol-
lows:

(6)

where .
Denote by the FIM obtained from (6) when the

mixing matrix is . For simplicity of notation, we omit the AR
nuisance parameters from within the parentheses, but naturally

depends on these parameters as well. In principle,
by substituting in (5), we would get the
desired (asymptotic) ISR bound. However, this would result in
cumbersome implicit expressions, apparently dependent on the
mixing matrix , with no particular insight. Instead, we exploit
the following relation (guidelines for a proof are outlined in the
Appendix):

(7)

where denotes the FIM obtained from (6) when the
mixing matrix is (with the same AR parameters). Sub-
stituting the inverse of (7) for in (5), we obtain

(8)

Note that an important, rather expected, conclusion from (8),
is that the ISR bound does not depend on the mixing matrix,
thereby verifying equivariance of this bound.

It now remains to evaluate the diagonal elements of .
Since we assumed asymptotic conditions, we may replace the

term in (6) with . We then obtain, by setting
in (6)

(9)
where the terms are given by

(10)

1In [7], the sources were normalized so that � was fixed to 1.
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The resulting FIM is a diagonal matrix except for the
cross terms on the -related entries. Therefore,
closed-form expressions for the asymptotic bound on
can be attained by inverting 2 2 matrices

(11)
(for , ). Namely

(12)

Note that an alternative expression to (10) can be ob-
tained by exploiting the inverse Z-transform relation

, where
, expressing as

(13)

which can be evaluated using the residue theorem. As evident
in (12) and (13), since the correlations are proportional to the
driving noises’ variances, the ISR bound does not depend on
the ’s (again, this is well expected).

IV. THE CASE OF MA AND ARMA SOURCES

A Gaussian process can be modeled as white
Gaussian noise filtered by a stable, minimum phase linear filter,
consisting of a numerator of zeros and a denominator of
poles. An MA process is a special case of an ARMA process
when . Using spectral factorization, the power spectrum
of any source may be formed as

(14)

where , are the roots of the monic, causal,
and stable polynomials , (respectively).

Assuming all , the sum of the geometric series
converges to . Consequently, an

approximation to (14) can be obtained using Durbin’s approach
[11], by which any element in the numerator can be expressed
as a high-order all-pole element, as closely as desired. Thus,
every or process (with no zeros or poles
on the unit-circle) can be considered approximately a high-order
AR process. Therefore, one way for calculating the CRLB is to
use such approximate AR model parameters for calculation of

in (10) or (13). However, an alternative, conceptually more
appealing calculation is the following.

Recall that for any Gaussian AR sources the FIM is asymp-
totically block-diagonal. By Durbin’s approach it then follows
that the FIM for any AR, MA or ARMA Gaussian sources is also
asymptotically block-diagonal. Therefore, knowledge of any in-
formation regarding the nuisance (ARMA) parameters would
not change the asymptotic CRLB for the estimate of or for
the ISR.

Now, since the CRLB is insensitive to any invertible transfor-
mation of the data, and following the result that prior knowledge
of all the ARMA parameters cannot (asymptotically) change the
CRLB for the estimate of , we may apply the invertible all-
pole filter to the observations without
affecting the CRLB for the estimate of . We would thereby
obtain new mixtures of “new” AR sources ,
whose power-spectra are

(15)
Therefore, the ISR bound for the original ARMA (or MA)
sources, defined in (14), is the same as the ISR bound of AR
sources with the parametric power spectra in (15). To be more
specific, the ISR for any parametric (AR, MA or ARMA)
Gaussian sources could be bounded by (12), with

(16)

which can again be evaluated using the residue theorem. By ex-
ploiting the equivalence of (10) and (13), an alternative calcu-
lation can also be obtained in the form of (10) as follows. De-
fine two fictitious AR processes and , whose AR co-
efficients and (with

) are extracted, respectively, from the polyno-
mials and . Using an
inverse-form of the Yule-Walker equations [11], obtain the cor-
relation sequence (for ) of , for
which the driving-noise can be assumed, for simplicity, to be of
unit variance. Then is given by

(17)

We note in passing that an important property of is that
with equality if and only if sources and have the

same ARMA parameters. To observe this, notice that (17) can
also be written as

(18)

which can be interpreted as the mean square prediction error
in trying to predict from past samples using the AR coef-
ficient of . Recall that the minimum attainable prediction
error is attained when the AR parameters of are used for
the prediction, with which the prediction error merely retrieves
the unit-variance driving noise. Therefore, when the AR param-
eters of any other process are used for prediction, we would have

with equality if and only if the processes and
have the same AR parameters, which can only happen if
and have the same ARMA parameters.

V. DISCUSSION AND SIMULATION RESULTS

As evident from (12) and (16), the ISR bound does not depend
on the mixing matrix or on the driving noises’ variances; Yet, it
depends strongly on the sources’ normalized power spectra and
on their deviations from each other.

Note an intriguing resemblance to the case of non-Gaussian
sources with i.i.d. time-structure. For that case, it was shown
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Fig. 1. Upper diagrams: ISR bounds and empirical ISR’s for SOBI, WASOBI,
EML and GMI for separation of four Gaussian sources, versus a diversity
control parameter '. s [n] is an AR(6) process with poles at 0:7e ,
0:7e , and a double pole at 0.7. s [n] is an AR(6) process with poles
at 0:7e , 0:7e , and at 0:7e . s [n] and s [n] are
white. Each simulation point is computed as an average over 500 independent
trials, T = 5000. Lower diagrams: dependence of � , � of (10) on '.

in [10] that under some regularity conditions (for zero-mean,
unit-variance sources)

(19)

where and is the pdf of the
th source. Further, it was shown that presents a measure of

non-Gaussianity, i.e., with equality if and only if the
underlying distribution is Gaussian.

In our case, we obtained a very similar expression and, as
observed above, we have with equality if and only if
the -th and the th sources have the same power spectra up
to a scale. Thus, could be considered as a measure of the
spectral deviation between the th and the th sources, just as

serves as a measure of deviation from Gaussianity in the i.i.d.
case. Note further that in both cases, the (asymptotic) bound for

depends only on properties of the th and th sources, and
is insensitive to the other sources. However, in the i.i.d. case, the
dependence is on individual properties of each of the
two sources, whereas in our case the dependence is on a mutual
property of the two sources.

Fig. 1 presents (in the two upper subplots) the ISR bounds
versus a diversity-control parameter (see details in the cap-
tion) for four sources. For comparison, the performance of some
known algorithms, SOBI ([1]), WASOBI ([8]), EML ([7]), and
GMI ([5]), are superimposed on the graphs. Except for the GMI,
for which 16 estimated correlation matrices were used, for all
other algorithms we used estimated correlated matrices from
lag 0 to the maximal AR-order (i.e., 6). Evidently, WASOBI,
EML, and GMI are asymptotically efficient algorithms. Further,
the separation of and does not depend on the pair

and , which are white Gaussian processes and thus

could not be separated from each other. The two lower subplots
present the dependence of the terms and on .

APPENDIX
GUIDELINES FOR PROVING (7)

Define the matrices and , such that
their elements are given by and

, (respectively), where are arbitrary
constants. It can be verified that
and , where is a
permutation matrix, composed of blocks, with the

th block given by , where denotes the th
column of , and , where

. Now, choosing

(20)

we observe that the FIM, whose elements are given in (6), can
also be expressed as

(21)

where . Since is the identity
matrix for , it follows that .
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